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Abstract
We show that theR(3)δK operator in effective field theory is significant for avoiding the instability
of nonsingular bounce, where R(3) and Kµν are the three-dimensional Ricci scalar and the extrinsic
curvature on the spacelike hypersurface, respectively. We point out that the covariant Lagrangian
of R(3)δK, i.e., LR(3)δK , has the second order derivative couplings of scalar field to gravity which
do not appear in Horndeski theory or its extensions, but does not bring the Ostrogradski ghost.
We also discuss the possible effect of LR(3)δK on the primordial scalar perturbation in inflation
scenario.
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I. INTRODUCTION
Recently, the studies of the origin of the universe and the current accelerated expansion
have greatly promoted the development of gravity theories beyond general relativity (GR),
see [1][2][3] for recent reviews. How to design a theory without extra degree of freedom
(DOF) has acquired persistent attention.
The Horndeski theory was proposed in the 1970s [4], see also [5][6], in which the equations
of motion have at most second order time derivatives, which avoids the extra DOF (so
the Ostrogradski ghost). However, it seems that equations of motion with higher order
time derivatives do not necessarily suggest the presence of extra DOF. The discoveries of
the beyond Horndeski theory [7][8][9] and degenerate higher order scalar tensor (DHOST)
theory [10][11][12][13] have confirmed this possibility and greatly enriched our understanding
of gravity. In Horndeski and DHOST theories, the Lagrangian involves only the nonminimal
couplings f(φ,X)R and φµνRµν , where X = φµφ
µ, φµ = ∇µφ and φµν = ∇µ∇νφ.
Along a different line, the effective field theory (EFT) of cosmological perturbations
has been developed for investigating inflation [14][15] and current cosmological acceleration
[16][17][18], see [19] for a review. Recently, the EFT has also been applied to the nonsingular
cosmologies [20][21][22]. It was found first in Refs. [20][21] that the operators with three-
dimensional Ricci scalar R(3), especially R(3)δg00, could play a significant role in curing
the gradient instability induced by a negative sound speed squared (i.e., c2s < 0) of scalar
perturbation [23][24]. Actually, as will be shown, the operator R(3)δK (K is the extrinsic
curvature) could play a role similar to that of R(3)δg00.
We built a fully stable cosmological bounce scenario in Ref. [25] by applying a least set of
operators ((δg00)2 and R(3)δg00), namely, a “least modification”. The graviton throughout
the bounce behaves itself like that in GR, which could naturally avoid the strong coupling
regime appearing in [26], see also [27]. The covariant Lagrangian proposed in [25] belongs
to beyond Horndeski theory, (see also [28] for a different implementation of a fully stable
bounce), which is a subclass of the DHOST theory, but the equations of motion still could
be second order in time derivatives. This enlightens us that there might still be some space
of scalar-tensor theory to be explored.
As will be pointed out, the covariant description of R(3)δK contains the second or-
der derivative couplings of the field φ to gravity, such as φµφµνφ
νR, φµφν(✷φ)Rµν and
2
φµφνφρφ
ρσφσRµν , which do not appear in Horndeski (or even DHOST) theory. The mimetic
gravity with the coupling (✷φ)R has been proposed in Ref. [29]. In scalar-tensor theory, it
is interesting to explore the possibility of such higher order derivative couplings.
In this paper, we point out that the covariant Lagrangian of R(3)δK, i.e., LR(3)δK , has the
second order derivative couplings of scalar field to gravity which do not appear in Horndeski
theory or its extensions but does not bring the Ostrogradski ghost. We discuss its impli-
cation on scalar-tensor theory. We also show the interesting applications of LR(3)δK in the
nonsingular cosmologies and the inflation scenario.
II. HIGHER ORDER DERIVATIVE COUPLING TO GRAVITY
As was first found in [20] (see also [21]), the R(3)δg00 operator plays a crucial role in solving
the gradient instability problem induced by c2s < 0, (see also [30] for the unitarity problem),
which suffered by the nonsingular cosmologies based on the Horndeski theory [23][24][31][32].
In the Appendix, we point out that the R(3)δK operator actually could play a role similar
to that of R(3)δg00. As will be shown, the covariant Lagrangian of R(3)δK contains the
second order derivative of φ coupled to gravity, such as ∼ φµφµνφνR, φµφν(✷φ)Rµν and
φµφνφρφ
ρσφσRµν . However, in Horndeski theory, such derivative couplings do not appear,
since they will bring the Ostrogradski ghost. Thus, it is interesting to have a survey.
In this section, we will derive the covariant Lagrangian of R(3)δK in unitary gauge.
The induced metric on the three-dimensional spacelike hypersurface (φ = const) is hµν =
gµν + nµnν , where n
µ = − 1√−Xφµ is the unit vector orthogonal to the hypersurface and
nµn
µ = −1, with X = φµφµ and φµ = ∇µφ. The extrinsic curvature Kµν is defined as
Kµν = h
σ
µ∇σnν . (1)
Since δK = K − 3H , it is straightforward to get
δK = − 1√−X
(
✷φ− φ
µφµνφ
ν
X
)
− 3H , (2)
with φµν = ∇ν∇µφ. In unitary gauge φ = φ(t), we have H = H(t(φ)). Using the Gauss-
Codazzi relation, we have
R(3) = R− φµνφ
µν − (✷φ)2
X
+
2φµφµνφ
νσφσ
X2
− 2φ
µφµνφ
ν
✷φ
X2
−2Rµνφ
µφν
X
. (3)
3
Note that in the second line of Eq. (3), we also have Rµνφ
µφν = φ µν µφ
ν − φννµφµ with
φννµ = ∇µ∇ν∇νφ, as given in Ref. [25].
We define SR(3)δK =
∫
d4x
√−gLR(3)δK , with
LR(3)δK = f¯5 ·
(
R(3)δK
)
= − f¯5√−X
[
(✷φ)− φ
µφµνφ
ν
X
]
R
+
2f¯5√
(−X)3
[
−φµφν(✷φ) + φ
µφνφρφ
ρσφσ
X
]
Rµν
+
f¯5√
(−X)3
[
(✷φ)3 − (✷φ)φµνφµν − (✷φ)
2φµφ
µνφν − φµνφµνφρφρσφσ
X
]
+
2f¯5√
(−X)5
[
(✷φ)2φµφ
µνφν − (✷φ)φµφµνφνρφρ
−(✷φ)(φµφ
µνφν)
2 − φµφµνφνρφρφσφσλφλ
X
]
− f¯4R(3) , (4)
where the leading contribution of R(3)δK is the perturbation at quadratic order, so that f¯5
could be a function of φ, X (and even ✷φ and φµφ
µνφν), and f¯4 = 3f¯5H(t(φ)). When f¯4 = 0
is set, LR(3)δK reduces to ∼ R(3)K.
Recalling that in Horndeski theory, LH5 contains the coupling of the second order deriva-
tive of φ to gravity, i.e., f(φ,X)Gµνφ
µν (or Rµνφ
µν). Here, we require that f is also X
dependent, otherwise Gµνφ
µν will be equivalent to Gµνφ
µφν , the cosmological applications
of which have been studied, see, e.g., [33][34][35][36]. While in LR(3)δK , the couplings
(✷φ)R, φµφµνφ
νR, φµφν(✷φ)Rµν , (5)
φµφνφρφ
ρσφσRµν (6)
appear, which are independent with Rµνφ
µν . In addition, such couplings to gravity also
include φµρφρφ
νRµν , φ
µφνρφσRµνρσ, which are not independent and could be obtained by
the combinations of Rµνφ
µν and (5), as pointed out in Ref. [12].
In Horndeski theory, the cubic order of ✷φ in LH5 will induce the higher derivatives in the
metric and field equations, which are actually set off by Gµνφ
µν [37]. This makes it be free
from the Ostrogradski ghost. In DHOST theory [10][11], all possible terms of cubic order of
the second order derivative of φ appear, which result in higher order equations of motion,
but there is still no Ostrogradski ghost due to the degeneracy.
Though the DHOST theory extends the Horndeski theory, the coupling of the second
order derivative of φ to gravity is still only Gµνφ
µν , since the derivative couplings (5) and (6)
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will bring the Ostrogradski ghost (higher derivatives in the equations of motion). However, in
LR(3)δK , the Ostrogradski ghost could be dispelled by the combination of (✷φ)
3, (✷φ)φµνφ
µν ,
etc., and R(3), see (4).
In principle, we could merge the Horndeski (even DHOST) theory and LR(3)δK into a
(second order) derivative coupling theory with all independent couplings (Rµνφ
µν , (5) and
(6)) of the second order derivative of φ to gravity. In such a theory, the background equations
of motion could be set only by the Horndeski (DHOST) theory, since LR(3)δK only contributes
(∂ζ)2, (∂2ζ)2 at leading order.
The quadratic coupling of the second order derivative of φ to R, such as (✷φ)2R, might
be obtained in L ∼ KR(3)δK or equivalently f¯5(✷φ, φµφµνφν)R(3)δK, where all coefficients
must be fixed as (4).
In mimetic gravity [38][39] (see e.g., [40] for a review), since δg00 = 0, instead of
R(3)δg00, the operator R(3)δK might be significant for curing the instabilities pointed out in
[41][42][43]. Here, since the mimetic constraint gµνφµφν + 1 = 0 suggests X = −1, we have
R(3) = 2φµφνRµν +R− φµνφµν − (✷φ)2 , (7)
the covariant LR(3)δK will be simpler.
It should be mentioned that at quadratic order LR(3)δK also contributes (∂
2ζ)2 ∼ k4ζ2,
which is harmful or harmless, depending on the coefficient. However, (∂2ζ)2 could be re-
moved by using (R(3))2 (if required), since (R(3))2 ∼ (∂2ζ)2 at leading order. We define
S
(R(3))
2 =
∫
d4x
√−gL
(R(3))
2 and L
(R(3))
2 = f6 ·
(
R(3)
)2
, with
(
R(3)
)2
= R2 − 4φ
µφνRµνR
X
+
4(φµφνRµν)
2
X2
+2R
[
(✷φ)2 − φµνφµν
X
+
2φµφµρφ
ρνφν
X2
− 2(✷φ)φ
µφµνφ
ν
X2
]
+4Rµνφ
µφν
[
φρσφ
ρσ
X2
− (✷φ)
2
X2
− 2φαφ
αβφβσφ
σ
X3
+
2✷φφαφ
αβφβ
X3
]
+
(φµνφ
µν)2
X2
− 4φµνφ
µνφαφ
αβφβσφ
σ
X3
+
4(φµφ
µνφνρφ
ρ)2
X4
+
4(✷φ)φµνφ
µνφαφ
αβφβ
X3
− 8(✷φ)φαφ
αβφβφµφ
µνφνρφ
ρ
X4
+
4(✷φ)2(φµφ
µνφν)
2
X4
− 2(✷φ)
2φµνφ
µν
X2
+
4(✷φ)2φµφ
µνφνρφ
ρ
X3
−4(✷φ)
3φµφ
µνφν
X3
+
(✷φ)4
X2
, (8)
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where both R2-order and the coupling of (✷φ)2 to R actually appear and f6 is a function
of φ and X (and even ✷φ and φµφ
µνφν). In addition, L(R(3))
2 itself also has an interesting
application in nonsingular cosmologies [20][44].
III. COSMOLOGICAL APPLICATIONS
A. Stable model for ekpyrotic scenario
We consider the ekpyrotic scenario [45][46]. How to build a fully stable bounce model
is a significant issue. We proposed such a model with LR(3)δg00 in Ref. [25]. In Ref. [28],
Kolevatov et al. also proposed a different model by applying the “inverse method” adopted
in [23][47]. However, with the covariant LR(3)δg00 , the design is actually simpler [25]. Here,
with LR(3)δK , the method is similar (though slightly complicated).
We begin with the ekpyrotic Lagrangian
Lekpy ∼
M2p
2
R−X/2 + V0
2
eφ/M1
[
1− tanh( φM2 )
]
︸ ︷︷ ︸ (9)
Contraction and expansion
+ P˜ (φ,X)︸ ︷︷ ︸ (aroundφ = 0) + LR(3)δK or LR(3)δg00︸ ︷︷ ︸
Bounce (NEC violation) Removing c2s < 0
Removing ghost
with constant M1,M2, V0. P˜X > 1/2 must be satisfied around φ ≃ 0, so that H˙ > 0. In
[25], see also [48][49], we adopted
P˜ (φ,X) =
k0
(1 + κ1φ2)2
X/2 +
q0
(1 + κ2φ2)2
X2 (10)
with the constants k0, κ1 (switching the sign before X/2 in (9) around φ ≃ 0), and q0, κ2
(making X2 appear around φ ≃ 0). A full ekpyrotic Lagrangian (9) also should involve a
mechanism (a coupling e
− λ
Mp
φ
∂µχ∂µχ [50][51][52]) responsible for the scale invariant primor-
dial perturbation.
The quadratic action of scalar perturbation for (9) is
S
(2)
ζ =
∫
a3Qs
(
ζ˙2 − c2s
(∂ζ)2
a2
)
d4x , (11)
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where
Qs =
2φ˙4P˜XX −M2p H˙
H2
, c2sQs =
c˙3
a
−M2p , (12)
and c3 =
aM2p
H
(1− 2f¯5QsH
M4p
); see the Appendix (or Ref. [20]) for details. In the Appendix, we
haveM42 (t) = φ˙
4P˜XX , m¯5/2 = f¯5 and λ¯/2 = f6. The quadratic action of tensor perturbation
is unaffected by LR(3)δK and is still that in GR.
Here, we require 2X2P˜XX > M
2
p H˙, so that Qs > 0 can be obtained. If f¯5 = 0, around
the bounce point H ≃ 0, we will have c2s ∼ −H˙ < 0. However, since f¯5 6= 0 and satisfies
2f¯5QsH
M4p
= 1− H
aM2p
∫
a
(
Qsc
2
s +M
2
p
)
dt, (13)
we always could set c2s ∼ O(1) with suitable f¯5. It should be mentioned that when H ∼ 0,
f¯5 ∼ 1HQs ∼ H crosses 0.
In (11), (∂2ζ)2 has been canceled by adding L
(R(3))
2 to Lekpy for simplicity, which requires
4f6 =
f¯5
H
−
(
3 +
Qs
M2p
)
f¯ 25
M2p
. (14)
Thus, a fully stable nonsingular bounce (Qs > 0 and c
2
s = 1) can be designed by using (9)
with f¯5 given by (13), and f4 = 3f¯5H , and f6 given by (14). With (10), the calculation is
similar to that in Ref. [25].
B. Slow-roll inflation with modified c2s
We consider the inflation scenario. Here, the covariant LR(3)δK and also LR(3)δg00 only
affect the sound speed cs of scalar perturbation, but the background and the tensor pertur-
bation are unaffected. The effect of modified c2s may be encoded in the power spectrum of
primordial scalar perturbation, which might be observable.
The Lagrangian is
L ∼ M
2
p
2
R + Linf + LR(3)δK + L(R(3))2 , (15)
where Linf = −φµφµ/2−V (φ) is responsible for the inflation. We set the slow-roll parameter
ǫ = −H˙/H2 = const > 0 for simplicity. The quadratic action of scalar perturbation is given
in (A4) of the Appendix with M2 = m˜4 = 0. We have Qs = ǫM
2
p and
c2s = 1−
m¯5H
M2p
− ˙¯m5
M2p
, (16)
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c4 ≃ 3m¯
2
5
M2p
− 2m¯5
H
+ 8λ¯. (17)
Here, LR(3)δK modifies c
2
s. We require c4 = 0, which suggests that λ¯ in (17) is determined
by m¯5 and H .
The equation of motion for ζ is
u′′ +
(
c2sk
2 − z
′′
s
zs
)
u = 0 (18)
with the definition u = zsζ and zs =
√
2a2ǫM2p , and the superscript
′ is the derivative with
respect to τ =
∫
dt/a. The initial state of the perturbation mode is u = 1√
2csk
e−icskτ . The
power spectrum of ζ is
PR =
k3
2π2
∣∣∣∣ uzs
∣∣∣∣
2
. (19)
We have P infR =
H2
inf
8π2M2p ǫ
(
k
aH
)−2ǫ
for slow-roll inflation (c2s = 1). Here, if c
2
s = const < 1 is
required, ˙¯m5 = 0 in (16) should be satisfied. This will result in c
2
s = 1 − m¯5HinfM2p ≃ 1, since
Hinf ≪Mp while m¯5 . Mp. Thus, the case with c2s 6= const might be interesting.
For an example, we consider a model in which c2s acquires a dip (Fig.1(a)). We numerically
show the corresponding evolutions of m¯5 and λ¯ in Figs. 1(b) and 1(c), according to (16) and
(17), which could be rewritten as m¯5(φ) and λ¯(φ) since φ = φ(t). We plot Pζ in Fig.1 (d)
by solving Eq.(18), see [53][54][55] for a similar method. We see that the effect of LR(3)δK
on c2s could be encoded in the power spectrum of scalar perturbation.
The phenomenological effect of LR(3)δK is very similar to that of LR(3)δg00 at quadratic
order, if the contribution of LR(3)δK to term ∼ k4ζ2 in the quadratic action is totally canceled
by L
(R(3))
2 , i.e., c4 = 0, which requires λ¯ = λ¯0 with λ¯0 ≃ 3m¯
2
5
8M2p
− m¯5
4H
. However, when the
condition c4 = 0 is violated, Eq. (18) should be modified to u
′′ +
(
c2s,effk
2 − z′′s/zs
)
u = 0
where c2s,eff = c
2
s − 2c4k2/z2s (for simplicity, we will focus on the cases in which c4 = 0
initially so that the initial state of the perturbation mode is still u = 1√
2csk
e−icskτ ).
Phenomenologically, we could distinguish the operator LR(3)δK from LR(3)δg00 . First, when
c4 6= 0, the frequency of the oscillations in the power spectrum will increase with k, while
the frequency of the oscillations is nearly constant for c4 = 0, see Fig. 2(b). Second, when
c4 6= 0 (even when λ¯ slightly deviates from λ¯0), c2s,eff may induce a larger amplitude of
oscillations than that of c2s in the power spectrum, as numerically shown in Fig. 2, unless c
2
s
has more drastic (or fine-tuned) variation.
8
The effect of varying c2s on scalar perturbations has been also studied in Refs.
[56][57][58][59][60][61], but based on P (φ,X) (or equivalent EFT).
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FIG. 1: The background is the slow-roll inflation with ǫ = 0.003. We set c2s = 1 − A∗e−B∗(t−t∗)
2
with A∗ = 0.1, B∗ = 80 and t∗ = 6.
IV. DISCUSSION
Recently, it has been found in [20][21] that the operators with three-dimensional Ricci
scalar R(3) in EFT, especially R(3)δg00, are significant for solving the problem of c2s < 0,
which is suffered by the nonsingular cosmologies. Here, we find that the R(3)δK operator
actually could play a role similar to that of R(3)δg00.
We derived the covariant Lagrangian of R(3)δK. The covariant LR(3)δK has the second
order derivative coupling of the field φ to gravity, such as (5) and (6) (which do not appear
in Horndeski and DHOST theory), but does not bring the Ostrogradski ghost. This suggests
that the Horndeski (or even DHOST) theory and LR(3)δK might be merged into a second
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FIG. 2: The background is the slow-roll inflation with ǫ = 0.003. We set c2s = 1 − A∗e−B∗(t−t∗)
2
with A∗ = 0.02, B∗ = 80 and t∗ = 6 for both (a) and (b), while we set λ¯ = λ¯0 (i.e., c4 = 0) for the
green dashed curves and λ¯ = 0.997λ¯0 (i.e., c4 6= 0) for the magenta solid curves.
order derivative coupling theory with all possible independent couplings, i.e., Gµνφ
µν (or
Rµνφ
µν), (5) and (6), of the second order derivative of φ to gravity. Here, how (5) and (6)
consistently appear in such a theory is just what is told by the covariant description of the
R(3)δK operator.
With LR(3)δK , we built a fully stable cosmological model for the ekpyrotic scenario, by
applying similar method used in Ref. [25]. Our work indicates that with the covariant
LR(3)δg00 (proposed in [25]) or LR(3)δK , the stable nonsingular bounce scenario could be
concisely designed. Here, our study is motivated straightly by the EFT operators, e.g., [20].
However, other studies based on modified gravity will also be interesting [62–68], especially
their stabilities.
We also studied the possible effect of LR(3)δK on the primordial scalar perturbation in
the inflation scenario, which might be encoded in the TT spectrum of cosmic microwave
background (CMB). We will come back to the relevant issues elsewhere.
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Appendix A: The EFT
As pointed out in Refs. [47][22], the cubic Galileon only moves the period of c2s < 0 to the
outside of the null energy condition (NEC) violating phase but cannot dispel it completely,
see also the earlier discussion [69] on this point.
In this Appendix, we briefly review the EFT for nonsingular cosmologies, and show how
the R(3)δg00 and R(3)δK operators play crucial roles in solving the problem of c2s < 0.
With the ADM line element, we have
gµν =

 NkNk −N2 Nj
Ni hij

 , gµν =

 −N−2 NjN2
N i
N2
hij − N iNj
N2

 , (A1)
and
√−g = N
√
h, where Ni = hijN
j . The induced metric on three-dimensional hy-
persurface is hµν = gµν + nµnν , where nµ = n0(dt/dx
µ) = (−N, 0, 0, 0), nν = gµνnµ =
(1/N,−N i/N) is orthogonal to the spacelike hypersurface, and nµnµ = −1. Thus,
hµν =

 NkNk Nj
Ni hij

 , hµν =

 0 0
0 hij

 . (A2)
The EFT action is
S =
∫
d4x
√−g
[M2p
2
f(t)R− Λ(t)− c(t)g00
+
M42 (t)
2
(δg00)2 − m
3
3(t)
2
δKδg00 −m24(t)
(
δK2 − δKµνδKµν
)
+
m˜24(t)
2
R(3)δg00
−m¯24(t)δK2 +
m¯5(t)
2
R(3)δK +
λ¯(t)
2
(R(3))2 + ...
− λ˜(t)
M2p
∇iR(3)∇iR(3) + ...
]
, (A3)
where δg00 = g00 + 1, R(3) is the three-dimensional Ricci scalar, Kµν = h
σ
µ∇σnν is the
extrinsic curvature and δKµν = Kµν − hµνH . The first row describes the background, while
the rest are for the perturbations. We always could set f = 1, which implies c(t) = −M2p H˙
and c(t) + Λ(t) = 3M2pH
2. See, e.g., [20] for the details.
Here, we only consider the coefficients set (M2, m˜4, m¯5, λ¯) and set other coefficients in
(A3) equal to 0. Only with (M2, m˜4, m¯5, λ¯) 6= 0, the quadratic action of scalar perturbation
ζ is (see, e.g., our [20])
S
(2)
ζ =
∫
d4x a3Qs
[
ζ˙2 − c2s
(∂ζ)2
a2
+
c4
a4Qs
(∂2ζ)2
]
, (A4)
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where
Qs =
2M42
H2
− H˙M
2
p
H2
, (A5)
c2sQs =
c˙3
a
− c2 (A6)
c2 =M
2
p , (A7)
c3 = −2aM
4
2 m¯5
H2M2p
+
aH˙m¯5
H2
+
aM2p
H
+
2am˜24
H
, (A8)
c4 =
2M42 m¯
2
5
H2M4p
− H˙m¯
2
5
H2M2p
− 2m¯5
H
+
3m¯25
M2p
− 4m¯5m˜
2
4
HM2p
+ 8λ¯ . (A9)
Only if Qs > 0 and c
2
s > 0 is the nonsingular cosmological model healthy. In models with
the operator (δg00)2, Qs > 0 can be obtained, since (δg
00)2 contributes ζ˙2, while c2s < 0 can
be avoided since R(3)δg00 or R(3)δK contributes (∂ζ)2.
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